Abstract. Let T (Z m × Z n ) denote the maximal number of points that can be placed on an m × n discrete torus with "no three in a line," meaning no three in a coset of a cyclic subgroup of Z m × Z n . By proving upper bounds and providing explicit constructions, for distinct primes p and q, we show that
Introduction
In the no-three-in-line problem [Dud59] , one wishes to place as many points as possible on an n × n lattice with no three points on a line. A predominant conjecture is that 2n points can be placed with no three in a line for all n × n lattices-note this requires 2 points for each row (or column), and hence cannot be improved upon.
As a lower bound, Paul Erdös in [Rot51] proved that for a p × p lattice, p being prime, one can place p points via a "parabola" modulo p. This means for x = 0, . . . , p − 1, no three of the points (x, x 2 mod p) will be in a line. Later in [HJSW75] , this lower bound was improved by considering a 2p × 2p lattice and placing the points on a "hyperbola" modulo p. This construction is somewhat more complex, and for a 2p × 2p lattice, it permits 3p points to be placed with no three in a line. In summary, at this point it is known that ( 3 2 − ε)n points can be placed on an n × n grid.
Instead of attacking this long unsolved problem, we analyze a variation of it. Again consider an n × n lattice, but now associate opposite edges, so that we may view this as a discrete n × n torus (see Figure 1 ). We define lines on this discrete torus to be the images of lines in Z × Z under the covering projection. We ask the following question: Question 1. How many points can be placed on an n × n discrete torus, such that no three points are in a line? In this setting, we reproduce Erdös' lower bound for p × p discrete tori in Theorem 2.6. However, the explicit examples in Section 3 show that this lower bound cannot be improved with the methods of [HJSW75] . Interestingly, the size of solutions on tori diverge from those on the lattice almost immediately. On a 3 × 3 lattice we may place 6 points, while on a corresponding torus, we may only place 4 points. Since the lines can "wrap around" the edges, it is harder to place points so that there are no three in a line.
In Section 2, we give upper and lower bounds (some of which are given alongside maximal constructions) for the number of points that can be placed on various n × m discrete tori with no three points in a line. Finally in Section 3, we will give some empirical results and give a description of the methods used to obtain them.
Results for discrete tori
To start, note that working with an n × n torus is essentially a reformulation of the no-three-in-line problem for the group Z n × Z n .
Definition. We will say that two points a = (x a , y a ) and A = (x A , y A ) are congruent modulo n if x a ≡ x A mod n and y a ≡ y A mod n and in this case we will simply write a ≡ A mod n.
Definition. Three distinct points a, b and c are in a line on the discrete torus Z n × Z n if and only if there are three points A, B, and C in a line in the universal cover Z × Z such that a ≡ A mod n, b ≡ B mod n, c ≡ C mod n.
Upper bounds.
While it is easy to show that at most 2n points can be placed with no three in a line on a n × n lattice, this bound is much too high to be of real use when studying the no-three-in-line problem on the discrete torus. We arrived at a somewhat general question that sheds some light on this:
Question 2. Given a group, how many elements of it can be chosen so that no three are in a coset of a (maximal) cyclic subgroup?
Essentially, lines on a discrete torus correspond to cosets of cyclic subgroups of Z n × Z n . Since we are interested in looking at whole lines, we can restrict ourselves to looking at cyclic subgroups that are maximal with respect to set-inclusion.
Definition. Given a group G, let T (G) denote the number of elements of G that can be chosen so that no three are in a coset of a cyclic subgroup of G.
Note, for any cyclic group Z, T (Z) = 2, hence when m and n are relatively prime,
Proposition 2.1. For any positive integer n, T (Z 2 × Z 2n ) = 4.
Proof. Consider the following arrangement of 4 points:
By inspection we can see that no three elements are in a line on this torus and hence 
Proof. This follows as an m × mn torus is a cover for an m × m torus. Hence, the lines that pass through any three points of the m × m torus are precisely those that pass through an m × m section of an m × mn torus.
Proof. Consider the lines on the p × p torus. These lines correspond to cosets of maximal cyclic subgroups of Z p × Z p . We claim that there are exactly p + 1 maximal cyclic subgroups of Z p × Z p . To see this, consider the following list of subgroups:
We have listed p + 1 maximal cyclic subgroups of Z p × Z p . Moreover, we claim that there are no others. Consider (a, b) ∈ Z p × Z p . If a is zero, then (a, b) ≤ (0, 1) . If a = 0, then consider the ath multiple of each of the generators above. Since Z p is a field, the ath multiple of one of those generators is equal to (a, b), forcing (a, b) to be a subset of the maximal cyclic subgroup generated by that generator.
Since every line is a coset of a maximal cyclic subgroup of Z p × Z p , and the cosets of a subgroup partition the group, every point is in exactly one coset of each maximal cyclic subgroup listed above. Hence every point on the p × p torus is contained in exactly p + 1 lines.
If we attempt to place points on the p × p torus such that no three are in a line, the first point must be on p + 1 lines, the second on p lines new lines, the third on p − 1 new lines, and so on until the last point which is on just a single new line. No more points can be placed or we would have three in a line. Hence, at most p + 1 points can be placed on a p × p torus.
Theorem 2.4. For any distinct prime integers p and q, T (Z p × Z pq ) p + 1.
Proof. Again, the "lines" on the p × pq torus correspond to cosets of maximal cyclic subgroups of Z p × Z pq . We claim that there are exactly p + 1 maximal cyclic subgroups of Z p × Z pq . Consider the following list of subgroups:
We claim that these p + 1 subgroups are all of the maximal cyclic subgroups of
. If a = 0, and p b, then consider the bth multiple of each of the generators above. Since Z p is a field, the bth multiple of one of those generators is equal to (a, b). If p|b then consider the ib/pth multiples of (1, p) where i ∈ {0, . . . , p − 1}. Since (p, q) = 1, we see that (a, b) to be a subset of the maximal cyclic subgroup generated by (1, p). Working as in the proof of the previous theorem we see that at most p + 1 points can be placed on a p × pq torus.
2.2. Constructions. A construction originally given by Erdös in [Rot51] shows that if p is prime, we may place p points on a p × p discrete torus such that no three are in a line. To see this, recall the determinant criterion for checking whether points are in a line:
Lemma 2.5. Three points (x 1 , y 1 ), (x 2 , y 2 ), and (x 3 , y 3 ) are in line if and only if
Using this lemma we will adapt the proof given in [AHK74] to prove the following theorem.
Theorem 2.6. Given a prime p and the discrete torus Z p × Z p , there are p points none of which are three-in-line.
Proof. Consider the set of points:
By Lemma 2.5 we should examine the following determinant
The first term is nonzero and not divisible by p because x, y, and z are distinct elements of {0, . . . , p − 1}. Thus the determinant in question is neither nonzero nor is it divisible by p. Thus we have shown that p points can be placed on the p × p discrete torus with no three-in-line.
The construction above places p points on either the discrete torus or lattice. However, in neither case is the construction maximal. The following constructions are all maximal.
Theorem 2.7. For any prime integer p, T (Z p × Z p 2 ) = 2p.
Proof. The proof uses a construction similar to Erdös' construction for the p × p lattice. Consider the set of points:
Here Y is essentially an 180 degree rotation of the points in X. We claim that together these sets produce p − 1 points where no three are in a line. First we must argue that these sets are disjoint.
Seeking a contradiction, suppose X ∩ Y = ∅, then plugging the first entry of a point of Y into the formula for the second entry of a point of X will equal the second entry of a point of Y . Writing this out:
However, multiplying both sides by p, we see this to be impossible. Now we claim that no three of the 2p points of X ∪ Y are in a line. If there were three points in a line, then either all of those points are from X, all are from Y , or two are from one set and the third is from the other set. Since Y is merely a 180 degree rotation of the first set of points, we can work as we did before and examine the following determinant:
On the other hand, if one point is from Y and two points are from X, or vice versa, we examine this determinant.
By symmetry, these two determinants are sufficient to account for all cases. The first determinant above is equal to:
Since x, y, and z are distinct elements of {0 . . . , p − 1} this first term must be nonzero and not divisible by p 2 . Thus the determinant is nonzero. The other determinant equals
which by the same logic is also nonzero. Thus we have shown that 2p points can be placed on a the p × p 2 torus.
Next we give construction for placing p + 1 points on a p × p torus.
Theorem 2.8. For any prime p,
Proof. Since T (Z p × Z p ) ≤ p + 1, constructing an arrangement of p + 1 points will suffice to prove the theorem. The construction relies on counting points on spheres for quadratic forms over finite fields, for which we referred to Cassleman's survey [Cas] of Minkowski's counting arguments [MSW11] . If p = 2, any configuration of 3 points works. For p > 2, we begin by choosing a quadratic nonresidue q. Regarding Z p × Z p as the affine plane over the finite field Z p , the variety
is an absolutely irreducible degree two hypersurface; if it were reducible over the algebraic closure Z p , the irreducible components of the projective closure of Spec Z p [x, y]/(x 2 + q y 2 − 1) would intersect by Bézout, giving a singular point, but the homogeneous polynomial x 2 + q y 2 − z 2 has partial derivatives which simultaneously vanish only at (0, 0, 0), so the projective closure is nonsingular.
Also by Bézout's theorem, any line (a degree one hypersurface) intersects V in at most two points. In other words, V satisfies the no-three-in-line condition. It remains to count the points on V . Define the finite field extension k := Z p [t]/(t 2 − q) having p 2 elements, and consider the norm map N : k → Z p . Regarding k as a two-dimensional vector space over Z p , we may identify V with the preimage N −1 (1). Let F : k → k be the Frobenius; then
and the units k × is a cyclic group, so N is surjective. Because N is a group homomorphism on nonzero elements, the fiber over each nonzero element of Z p has the same number of elements, so the fiber has size (p 2 − 1)/(p − 1) = p + 1. This V has p + 1 points, as desired.
Theorem 2.9. For distinct odd primes p and q, T (Z p × Z pq ) = p + 1.
Proof. The proof uses a similar construction to the one used for the p × p 2 torus. Consider the set of points:
along with
Again, points in Y are essentially an 180 degree rotation of the points in X. First we must show that X ∩ Y = ∅. Suppose that X ∩ Y = ∅, then for some values of x and y,
Combining the equations above:
Multiplying by q:
which, is impossible. Again we claim that no three of the p + 1 points of X ∪ Y are in a line and we examine the following determinant:
Here we choose to work mod p 2 , allowing us to ignore the first term at the expense of potential roots. Thus we need only show:
cannot be zero. As above, since x, y, and z are distinct elements of {0, . . . , (p − 1)/2} none of the differences can be zero. Thus the determinant is nonzero. The other determinant equals
which by the same logic is also nonzero (mod p). Thus we have shown that p + 1 points can be placed on a the p × pq torus.
Commutative algebra
Before we found the upper-bounds and constructions described above, our work on this problem was mostly computer-based. However our approach was somewhat different than what was done in [CHJ76, Klø78, Klø79, Fla92, Fla98]. Since we did not know have upper bounds for the number of points that could be placed on an n × m discrete torus with no-three-in-line, we could not search for solutions and stop when a maximal solution was found. To remedy this, we used the tools of commutative ring theory. Let K be a field and consider the polynomial ring:
K[x 1,1 , . . . , x n,n ] By thinking of each indeterminate x i,j as the point (i, j) on the n × n lattice or discrete torus, we can use the tools of commutative algebra to attack these combinatorial problems. While the use of commutative algebra in combinatorics is not new [Sta96, Kat05] , this is the first time that we are aware of that such methods have been used in connection to the no-three-in-line problem. In what follows below, K = Z 2 and we will always be working with a quotient ring R = K[x 1,1 , . . . , x n,n ]/I where I is an ideal generated by a set of "undesirable" points. Specifically, I will contain all products of indeterminates representing "three points in a line," and squares of every indeterminate of K[x 1,1 , . . . , x n,n ]. As an example, for the 3 × 3 lattice, I = (x 1,1 x 2,1 x 3,1 , x 1,1 x 1,2 x 1,3 , x 1,2 x 2,2 x 3,2 , x 2,1 x 2,2 x 2,3 , x 1,3 x 2,3 x 3,3 , x 3,1 x 3,2 x 3,3 , x 1,3 x 2,2 x 3,1 , x 1,1 x 2,2 x 3,3 , ) Looking at the subscripts we see the vertical, horizontal and diagonal lines on the 3 × 3 lattice represented as degree three monomials. Of course, for larger n there are many more lines and therefore many more such products in the ideal. Next we see perfect square monomials, representing the fact that no point can occupy the same spot twice. On the torus, we have 4 extra monomials in the ideal: I = I + (x 1,1 x 2,3 x 3,2 , x 1,2 x 2,1 x 3,3 , x 1,2 x 2,3 x 3,1 , x 1,3 x 2,1 x 3,2 )
If one inspects these monomials, we see that they correspond exactly to lines on the torus that do not exist on the lattice. Hence we see that monomials of degree d in R will correspond to arrangements of d points on the discrete torus where no three of those points are in a line. To see how this setup will allow us to attack this problem, we need the following well-known definitions; while we restrict ourselves to the setting of our work, the curious reader may consult [KR05] for a complete development.
Definition. The Hilbert function HF K : N → N is defined by
where R d is the K-vector subspace of homogeneous polynomials of degree d.
In our setting R = K[x]/I, hence a degree d basis of R is a list of all arrangements of d points on the n × n lattice or torus, with no three in a line. Thus HF R (d) will correspond to the number of arrangements of d points on the n × n discrete torus with no three in a line.
It is important to notice that since the ideal I in our definition of R will always contain the squares of each indeterminate of K[x 1,1 , . . . , x n,n ], we see that HF R (d) = 0 whenever d > n 2 . As such, we can rephrase the no-three-in-line problem as the following: Definition. The Hilbert series of a quotient of a polynomial ring R = K[x]/I, is a power series whose degree n coefficients are exactly HF R (n).
A possible advantage to using Hilbert series to study the no-three-in-line problem, especially over the majority of methods that are seen elsewhere, is that they give information about placing any number of points-not just a maximum number of points as the coefficient of the degree k term is exactly the number of ways that k points can be placed on an n × n lattice or torus. Since our ideal contains the square of every indeterminate, our Hilbert series will always have finite degree, and hence will be a polynomial. The degree of this polynomial will always be the size of the largest possible solution to the no-three-in-line problem on a lattice or torus.
By encoding this problem in the language of commutative ring theory, we were able to use the computer algebra system Macaulay2, [GS] , to compute the Hilbert function, Hilbert series, and relevant bases of our rings.
3.1. A survey of our findings. We have been able to reproduce some of the known results on the no-three-in-line problem for the n × n lattice via computations involving the ideals above and their corresponding Hilbert series. By looking at the degree of the highest order term and it's coefficient, we found the highest number of points that can be placed on the
